INTRODUCTION
So far, the study of numerical approximations to incompressible viscous flows has been largely restricted to the case of bounded domains. The rigorous mathematical study of the governing équations, known as the Navier-Stokes équations, is not an easy task to achieve even in bounded domains. Our goal in this paper is to discuss methods of approximating the linear model of viscous incompressible flow which is known as the Stokes problem. Let A x be a bounded star shaped set with respect to the origin in R 3 . Let Cl be the complement of its closure in R 3 . Let x = (JC 1? x 2 , x 3 ) dénote a generic point in R 3 and let |x| dénote the distance from the origin, given by:
The problem, we consider, will be denoted in the sequel as the continuons problem and is given by : or symbolically, S(u,p) = F where S dénotes the Stokes operator. First, we will need a suitable function space in which to pose the problem (1.1)-(1.4) and establish the existence, uniqueness and regularity of the solution. A variational formulation of the problem is more suitable if the problem is to be approximated later by a finite element method. This has been accomplished in [8] . Also, the continuous problem is not immediately suitable for discretization due to the fact that a finite sized grid would yield an infinité number of unknowns. Thus, we approximate the continuous problem by another problem defined on a finite subdomain Q R of the original domain H given by :
where B (0 ; R ) dénotes the sphère of radius R centered at the origin. We will dénote this problem as the truncated problem. Let hü R dénote the boundary introduced by the construction of the truncated domain. Then the truncated problem is given by :
in £l R u R = 0 on bft or symbolically, S R (u R ,p R ) = F R , where p(.,.) dénotes an artificial boundary condition to be imposed at the artificial boundary hfl R . Finally, the truncated problem can be approximated by any method using finite éléments or finite différence. It is required to choose the boundary condition at the large boundary such that :
(i) The approximating operator S R is invertible.
(ii) S^1 is a good approximation to S" 1 Le., there exists a constant C ;> 0 independent of the truncation parameter R and a positive constant ô such that :
where || • || . n is a suitable norm [8] . The various methods of approximating exterior problems will differ in their accuracy upon the particular choice of boundary condition at the boundary bfl R . Ultimately, if 8 = oo, we have what is known as capacitance matrix methods or exact boundary conditions. We would like to point out that this has been applied to the exterior Helmholtz équation [15, 16] and the Laplace équation [17] and [18] . Also this has been done for the exterior Stokes problem in two dimensions [19] and three dimensions [9] . Also for 8 <: QO, we mention the work in [10] , [3] and [7] . We shall consider in this paper two types of artificial boundary conditions for the Exterior Stokes problem. The first, presented in Section 3, could be physically understood in the sense of the conservation of mass and is given by :
The second, discussed in Section 4, is given by :
It will be pointed in Section 4 that the term l/Ru R could be dropped from the artificial boundary condition. At that time the boundary condition could be understood in the sense of conservation of momentum. Then, in SectionS, we approximate the truncated problem by finite éléments. Finally, combined error estimâtes will allow the balance of the discretization error with the « truncation » error [7] .
PRELIMINAIRES
Let X = (X x , X 2 , X 3 ) with X,-, / = 1, 2, 3, non-negative integers be a multiindex. Let |X| = \ x + X 2 + X 3 . We use the weighted Sobolev spaces of Hanouzet [11] . For m a non-negative integer and a e R we define the weighted Sobolev space : W m ' a (fL)= Ju e D'(ft): f (l + r 2 ) a " m+ IM \D X u\ 2 dx < oo, |X| ^ ml.
We briefly mention some of the properties that are needed in the analysis. The details can be found in [11] and [9] . 2. The proposition shows that all the seminorms converge to their limit on the unbounded domain ft^ at the same rate.
We state the existence theorem for the continuous problem (1.1)-(1.4). The proof can be found in [8, 9] . As in the case of bounded domains, the variational formulation of the problem reduces to a Brezzi type saddle point problem [2] . THEOREM 
2.2:
The variational form of
where, Remarks :
1. If the support of ƒ is notjcompact ia.Xl, then, the truncated problemthat will be considered will correspond to an external force f R with the support of f R in £l R and f R being a good approximation of ƒ. In that case we have the following initial approximation : let {u^p^ represent the solution pair of the variational problem (2.5)-(2.6) with f R replacing ƒ. In that case we will need the intermediate estimate :
and therefore, it is not a loss of generality to consider only the case of the support of ƒ compact in U?
2, For the purpose of estimating errors between the solution of the truncated problem and the solution of the continuous problem, we need to be aware of the dependence of every constant in every estimate on the truncation parameter R. Thus, in spite of the équivalence of the weighted Sobolev space [W lt0 (£l R )] 3 and the usual space [^(H^)] 3 , we will still pose the truncated problem on the weighted Sobolev space rather than the regular one due to the fact that the constant existing in the Hardy inequality does not depend on the truncation parameter R while the Poincaré inequality holds with a constant dependent on R.
THE FIRST ARTIFICIAL BOUNDARY CONDITION
In this section, we study the approximation of the problem (1.1)-(1.4) by a truncated problem with zero velocity at the artificial interface ôn R : this approximation will be denoted by the first truncated problem. We pose the problem with the boundary condition :
In this case the variational formulation of the first truncated problem is :
Existence of the solution
First, we will need to establish the existence of the solution of the first truncated problem (3.1)-(3.2). We intend to omit the details similar to the work in [8, 9] , and we refer the reader to these références. The only exception to the work in [9] will be the handling of the tangential component of the velocity at the large boundary hft R where it will be essential to establish estimâtes independent of the truncation parameter R. The following lemmas are essential for the stability condition [2] of the form Proof: This is a constructive proof. First, we would like to point out that the similar resuit for bounded domains has been established in [20] by using compactness arguments which are not applicable in our case. In addition, we would like to study whether the estimâtes are independent of the truncation parameter R. Without loss of generality, we show the resuit for §Q, R the surface of a sphère. Also we will assume that dj O (1 is not empty.
Step 1 : Let g{x) -a{Rxl2) for x e Sn 2 . We can immediately show that :
Step 2: v 2 can be chosen to have support outside fi 1 . We now have the foliowing estimate :
Step 3 : Now define U 2 (x) = v 2 (x/2 R) for 1 ^ |x| =s = 2. We can easily see that div v 2 = 0 and we have the following estimate :
1/2 «Ê2|| l0;fi2 (3) (4) (5) for some constant C independent of R. Finally, combining the estimâtes (3.3), (3.4) and (3.5), we get :
which complètes the proof. 
Ërror of the truncated problem
We are now ready to consider the approximation properties of the first truncated problem. Let e R = u -u R and |x^ = p -p R dénote the error in the velocity and the pressure respectively. Then the pair (e R , \x R ) satisfies :
Let u x be any velocity vector satisfying :
It follows immediately that the pair (e R , \x R ) satisfies the variational formulation : since u x is arbitrary we obtain :
where again the constants are independent of R. It is known [14] that, for ƒ with compact support, the solution pair (u,p) is 0(/?~\ R~2). Therefore, we have the following approximation resuit. m , which is not satisfactory. Improving the approximating behavior of the truncated problem can be achieved only through the use of higher order boundary conditions. This is considered in the next section.
THE SECOND ARTIFICIAL BOUNDARY CONDITION
Again, we consider only the case where ƒ with compact support in Ü, R . As in the previous case we discuss first the existence of the solution of the truncated problem which we dénote by the second truncated problem. We pose the problem with the boundary condition :
In this case the variational formulation of the problem is sought in the following space for the velocity :
where K^ dénotes the characteristic function of the domain fl R . For the pressure we will use L 2 (Cl R ). In this case the variational formulation of the problem is given by :
where a x {. , . ) is given by :
Remark : The second term in the form a x { . , . ) is added to preserve the coercivity of the form a x (. , . ) if the bounded star shaped set A x becomes empty. We note the importance of this term if the constants in the coercivity estimâtes ona^. , . ) are to be independent of R. This term may be left out in when A x ^ <ï > and zero Dirichlet boundary conditions are applied on 8fi. 3 , u\ hn = 0}.
•
Remark :
The proofs of the Propositions 4.1 and 4.2 use the équivalence of the weighted and the unweighted norms on the bounded domain "a [11] .
When the bounded set A t ^ <ï > and Dirichlet boundary conditions are considered on 5H we have the following : where now x 0 is any point outside the support of i|/. Then the resuit can be extended to W R (Q, R ) by using the density of K in W R (Cl R ).
• When A x = <ï>, we need instead the following proposition : PROPOSITION 
DISCRETIZATION OF THE TRUNCATED PROBLEM
In this section we consider the approximation of the truncated problem by finite éléments. We assume that fl R is a polygonal domain in R 3 . Let {T^} be a family of regular triangulizations [9] of £l R such that :
where K dénotes a simplex in R 3 . We use a notation similar to the notation used in [6] . Let h(K) be defined to be the maximum length of an edge belonging to the simplex K and let h be defined to be :
KETh vol. 21, n° 3, 1987 Let V and 5 dénote the velocity and pressure spaces associated^with any of the truncated problems in Section 3 or Section 4. Let V h and S h dénote finite dimensional subspaces of V and S, respectively. Define Z h to be the null space associated with the form b (., . ) and is given by :
The variational form of the discrete problem is now given by : Seek (u rh ,p rh ) e V h x S h such that :
Again, in this section, we still use the weighted norms since our final goal is to dérive estimâtes where the constants depend neither on the truncation parameter R nor the discretization parameter h. The most important question to address is the approximation properties in finite dimensional subspaces of the weighted spaces. Do we still obtain the same qualitative results as in [1, 4, 5, 6, 13, 20] ? The answer to this question is given in the next lemma. we have the usual bound :
for 1 === m =s s, and C independent of h and R.
• As mentioned earlier typical examples used in the case of bounded domains can be used. Verifying assumptions (A1)-(A3) is no different from the standard treatment with the exception that the results are obtained in the weighted norms. Therefore, we omit the details and refer the reader to the different références on particular choices of finite element spaces (see [1] for example).
5,2. A two parameter approximation
Combining the results concerning the errors due to truncation and the discretization leads to :
THEOREM5.3 : There exists a constant C independent of h and R such that:
C{^ + 7?- • As a concluding remark it is essential in this two parameter approximation to maintain the balance between the truncation error and the discretization error for optimality of the approximation. Also, we refer the reader to référence [7] for the discussion of how estimâtes of the type (5.3) can be used to generate a mesh grading technique where larger simplices can be used away from the support of the forcing term ƒ i.e., in the f ar field. This is of course recommended instead of using a quasiuniform mesh since a smaller number of unknowns can achieve the same accuracy.
Remark : With the application of artificial boundary conditions, it has been observed through numerical experiments that the dependence of the error estimâtes on the truncation parameter R (i.e., the values of 8 == 0.5 and 1.5) does not change by replacing Ct R by Q where Q is any fixed subdomain of the domain H. 
